Approximating L^-signatures by their compact 

analogues 



Wolfgang Liick* 
Fachbereich Mathematik 
Universitat Miinster 
Einsteinstr. 62 
48149 Miinster 



Thomas Schick''' 
Fakultat fiir Mathematik 
Universitat Gottingen 
Bunsenstrasse 3 
37073 Gottingen 
Germany 



Last edited Oct 9, 2001 or later — last compiled: February 1, 2008 



Abstract 

Let r be a group together with a sequence of normal subgroups F D 
Ti D r2 D . . . of finite index [T : Fk] such that flfc = {!}• Let {X, Y) 
be a (compact) 4n- dimensional Poincare pair and p : {X, Y) — > {X, Y) be 
a F-covering, i.e. normal covering with F as deck transformation group. 
We get associated F/Ffc-coverings {Xk,Yk) {X,Y). We prove that 



sign'^'(X,y) = lim 

k — »oo 



sign{Xk,Yk) 
[r : Lfe] ' 



where sign or sign'^' is the signature or L^-signature, respectively, and 
the convergence of the right side for any such sequence (Ffc)fe>i is part of 
the statement. 

If F is amenable, we prove in a similar way an approximation theorem 
for sign'^'(X, Y) in terms of the signatures of a regular exhaustion of X. 

Key words: L^-signature, signature, covering with residually finite deck trans- 
formation group, amenable exhaustion. 
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Introduction 

Throughout most of this paper we will use the following conventions. We fix a 
group r, first together with a sequence of normal subgroups F D Fi D r2 D . . . 
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of finite index [F : Ffe] such that C\f.Tk = {!}. (Provided that F is countable, 
F is residually finite if and only if such a sequence {Tk)k>i exists.) Moreover, 
given a F-covering p : X ^ X, i.e. a normal covering with F as group of 
deck transformations, we will denote the associated F/Ffe-covcrings by Xk := 
^/^k X and for a subspace Y C X let Y C X and Y^ C X^ be the obvious 
pre-images. 

One of the main results of the paper is 

0.1. Theorem. Let {X,Y) be a 4n- dimensional Poincare pair. Then the se- 
quence {sign{Xk,Yk)/[r : Ffe])j^.>-^ converges and 

S\gn{Xk,Yk) . (2)/-r7 TTn 

hm = sign^ '{X,Y). 

k^oo [L : i fej 

Some explanations are in order. An Z-dimcnsional Poincare pair {X, Y) is a 
pair of finite CVF-complexes {X, Y) with connected X together with a so called 
fundamental class [-^,1^] S i?;(X;Q) such that for the universal covering, and 
hence for any F-covering p : X X, the Poincare QF-chain map induced by 
the cap product with (a representative of) the fundamental class 

• n [X,Y] : &-*(X,Y) -> a(X) 

is a QF-chain homotopy equivalence. Because wc are working with free finitely 
generated QF-chain complexes, this is the same as saying that the induced map 
in homology is an isomorphism. One usually also requires that Y itself is a l- 
dimensional Poincare space (using the corresponding definition where the second 
space is empty) with d[X, Y] = [Y], although this is not really necessary for our 
applications. Here C*(X) is the cellular QF-chain complex and C^~*{X,Y) is 
the dual QF-chain complex homQr(C(_*(X, F), QF). Examples for Poincare 
pairs are given by a compact connected topological oriented manifold X with 
boundary Y or merrily by a rational homology manifold. 

The Poincare duality chain map of a 4n-dimensional Poincare pair (X, Y) in- 
duces an isomorphism HP{X, Y; C) H4n-p{X; C). If we compose the inverse 
with the map induced in cohomology by the inclusion X ^ {X, Y) and with 
the natural isomorphism HP{X:C) = Hp{X;C)* to the dual space Hp{X]C)* 
of Hp{X;C), we get in the middle dimension 2n a homomorphism 

A:H2n{X;C)^H2n{X;Cy 

which is selfadjoint. The signature of the (oriented) pair {X, Y) is by definition 
the signature of the (in general indefinite) form A, i.e. the difference of the 
number of positive and negative eigenvalues of the matrix representing A (after 
choosing a basis for H^niX, C) and the dual basis for iJ2„(X)*). 

The L^-signature on {X ,Y) is defined similarly, but one has to replace ho- 
mology by i^-homology. We get then an operator A : H^'^lX) H^jl{X) 
(using the natural isomorphism of a Hilbert space with its dual space). The 
L^-homology is a Hilbert module over the von Neumann algebra .A^F and A is a 
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sclfadjoint bounded F-cquivariant operator. Hence H2n{X) splits orthogonally 
into the positive part of A, the negative part of A and the kernel of A. The 
difference of the A/T-dimensions of the positive part and the negative part is by 
definition the L"^ -signature. 

All this can also be reformulated in terms of cohomology instead of homology, 
which is convenient e.g. when dealing with de Rham cohomology. 

An analogue of Theorem 0.1 for L^-Betti numbers has been proved by Liick 
[10, Theorem 0.1]. 

If X is a smooth closed manifold, Atiyah's L^-index theorem [1, (1.1)1 shows 
that the signature is multiplicative under finite coverings and that sign^^^ {X) = 
sign(X;j)/[r : Ffe] holds for fc > 1. This does not work in more general situations. 
Namely, the signature is in general not multiplicative under finite coverings 
neither for compact smooth manifolds with boundary ([3, Proposition 2.12] 
together with the Atiyah-Patodi-Singer index theorem [2, Theorem 4.14]) and 
also not for Poincare spaces X = (X, 0) [14, Example 22.28], [23, Corollary 
5.4.1]). Our result says for these cases that the signature is multiplicative at least 
approximately. For closed topological manifolds, it is known that the signature 
is multiplicative under finite coverings [17, Theorem 8]. In a companion [12] to 
this paper, we prove the following theorem, this way apparently filling a gap in 
the literature: 

0.2. Theorem. Let M be a closed topological manifold with normal covering 
M ^ M. Then 

sign(^)(M) = sign(M). 

There, we also discuss to which extend Theorem 0.2 can be true for Poincare 
duality spaces X = {X, 0). We show [12] that Theorem 0.2 for Poincare duality 
spaces X = (X;0) is implied by the L-theory isomorphism conjecture or by (a 
strong form of) the Baum-Connes conjecture provided that F is torsion-free. 

Dodziuk-Mathai [9, Theorem 0.1] give an analog of Liick's approximation 
theorem for L^-Betti numbers to F0lner exhaustions of amenable covering spaces. 
Similarly, we can compute the i^-signature using a F0lner exhaustion. 

0.3. Definition. Let X be a connected compact smooth Riemannian manifold 

possibly with boundary dX and X ^ X he a F-covcring for some amenable 
group F. Let Xi C X2 C . . . X with [J^gfj X^ = X be an exhaustion of (X, dX) 
by smooth submanifolds with boundary (where we don't make any assumptions 
about the intersection of dXk and dX). Set Yk := dXk — {dXkr\dX) (i.e. dXk = 
Yk U {dXk n dXj). The exhaustion is called regular if it has the following 
properties: 

(1) area(n)/vol(Xfc) ^^=^0; 

(2) The second fundamental forms of dXf- in X and each of their covariant 
derivatives are uniformly bounded (independent of k); 

(3) The boundaries dXk are uniformly collared and the injectivity radius of 
dXk is uniformly bounded from below (always uniformly in k). 
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Regular exhaustions were introduced in [8, p. 152]. The existence of such an 
exhaustion is equivalent to amenability of F provided that the total space X is 
connected. 

0.4. Theorem. In the situation of Definition 0.3 we get 

sign(Xfe,9Xfc) ^ sign(^)(X,F) 
yo\{Xk) Yo\{X) ' 

where the convergence of the left hand side is part of the assertion. 

The assumption that the base space X is connected is necessary. 

In Theorem 2.47 we give a combinatorial version of Theorem 0.4 which ap- 
plies to amenable exhaustions of simplicial homology manifolds. 

For smooth manifolds with boundary, the L^-signature of course is defined 
in terms of the intersection pairing on L^-homology. In [12] we give a proof that 
this coincides with the answer predicted by the L^-index theorem [13, Theorem 
1.1]. The latter paper only deals with the L^-index of certain operators, we also 
check the homological interpretation. 

Organization of the paper: Wc will prove convergence of the signature 
for coverings in Section 1, and in Section 2 the statement about amenable ex- 
haustions. 



1 Residual convergence of signatures 

This section is devoted to the proof of Theorem 0.1. 

Let C* be a finitely generated based free 4n-dimensional QF-chain complex. 
Finitely generated based free means that each chain module Cp is of the shape 
QF'^ = e[=iQr for some integer r > 0. Its dual QT-chain complex C^"-* has 
as p-th chain module C^n-* and its p-th difi^erential 0**""^ : C^"--p — > (j4n-(p-i) 
is given by {c2d-(p-i) ■ C2d-(p-i) ^ C'2d-p)*. The adjoint /* : QF'* 
of a QF-map / : QF'' QF* is given by the matrix A* g M{s, r, QF) if / is 
given by the matrix (Aij) G M(r,s, QF) and A*j = Aj.i for J2wer ■ w := 
X^^gr • w~^. If we identify honiQr (Qr*" , QF) with QF*" in the obvious way, 
then /* is homQr(.f, idQr). Given a QF-chain map /* : (7^"-* — > C*, define its 
adjoint QF-chain map /4n-* . (jin-* _^ (j^ -^^ ^^^^ obvious way. 

Define the finitely generated 4n-dimensional Hilbert TVF-chain complex c'^^ 
by ^^(F) (g)Qr and the finitely generated based free 4n-dimensional Q[r/Ffe]- 
chain complex C* [k] by Q[r/rfc] C* • This applies also to chain maps. Notice 
that (Cf V"-* is the same as (c4"-*)(2) and will be denoted by C^l^""* and 
similarly for C* [k] . 

Let : C^"-* ^ (7* be a QF-chain map such that /* and its dual /^"-* 
are QF-chain homotopic. Then both -^2,1 (/* ) and i?2n(./*[fc]) arc sclfadjoint. 
Given a selfadjoint map g : V ^ V oi Hilbert AAF-modules and an interval 
7 C M, let Xi{9) be the map obtained from g by functional calculus for the 
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characteristic function : K — > M of /. Define 

b^+{g) ■■= trA/-r(X(o,oo)(fi')); b^-{9) ■= trA/T(X(-oo,o)(5)); 
6(^^(5) := dimA/T(ker(fif)) = tr^r(X{0}(5)); 
sign(2)(5) := bfig)-b^^\g). 

If h : W ^ W is a selfadjoint endomorphisin of a finite-dimensional complex 
vector space, define analogously 

b+{h) := trc(X(o,oo)(M); b-{h) := trc(X(-oo,o) W); 
:= dimc(ker(/i)) = trc(X{o}W); 
sign(/i) := b+{h)-b-{h). 

Of course, sign(ft,) is the difference of the number of positive and of negative 
eigenvalues of h (counted with multiplicity). Define 

b2n±{f4k])~ bf{H2n{U[k])); 

b2n{Um~ b{H2n{f*m; 

sign(/4fc]) := sign(il2n(/*[fc]))- 

A classical result proved e.g. in [12], or (with much more information) 
in [15, 16] says that, given a 4n-dimcnsional Poincarc pair (X, Y) with F- 
covering X ^ X, the composition of the Poincare QP-chain map — fl [X, F] : 
C^"-*(X,F;Q) C*(X;Q) with the QP-chain map induced by the inclusion 
yields a QP-chain map 

: C*"-* (X, F; Q) ^ (X, Y; Q) 

of finitely generated based free 4n-dimensional QP-chain complexes such that 
is QP-chain homotopic to 5^""*. Define 

b2n±{Xk,Yk) := 62n±(5*W); 
b2n{Xk,Yk) := b2nig*[k])'^ 
sign(Xfe, Yfc) := sign(5*[fc]). 

Theorem 0.1 is an immediate consequence of 

1.1. Theorem. Let g^: C"'"-*(X,F; Q) C*(X,F;Q) be the QF-chain map 
introduced above. Then 

The proof of Theorem 1.1 is split into a sequence of lemmas. 



sign(^)(/f)):=sign(2)(if(^) (/,)); 



b^2rl±{X,Y): 
b^£!(X,Y): 
sign(2) (X, F) : 



b^Mh 

sign(2)(.9?)); 
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1.2. Lemma. Let A : ^^(r)" Z2(^r)" be a selfadjomt Hilbert AfT-module 
morphism. Let : R ^ R 6e a sequence of measurable functions converging 
pointwise to the function q such that \qj{x)\ < C on the spectrum of A, where 
C does not depend on k. Then 

trArrfe(^))^twr(g(^)). 

Proof. By the spectral theorem, qj{A) converges strongly to q{A). Moreover, 
< C for j e Z. By [7, p. 34] qj{A) converges ultra-strongly and 
therefore ultra-weakly to q{A). Since /^(r)" is a finite Hilbert-A/'r-module 
1 : |2(r)" /^(r)" is of F-trace class. Normality of the F-trace implies the 
conclusion (compare [7, Proposition 2 on p. 82] or [19, Theorem 2.3(4)]). □ 

Let Ap := Cp+i o c*+i + c* o Cp : Cj, — > Cj, be the combinatorial Laplacian 
on X, where we abbreviate Cp := Cp{X,A;Q). Using a cellular basis of Cp 
coming from Cp{X,A;Z) this is given by a matrix over ZF. Then Ap^-* = 

'^p+i'-p+i + ^"P^ ■ ^p'^ ~^ ^p'^ Laplacian of C^^ and Ap[Xfc] = 

Cp+i[A:]cp+i[A:]* + Cp[k]*Cp[k] is the Laplacian on Cp[k]. Let /* : C^^~* C* 
bo homotopic to its adjoint as introduced in the beginning of this section. The 
next lemma follows from [10, Lemma 2.5]. 

1.3. Lemma. There is K >1 such that for all k> 1 

llAf„)ll,llA2„[Xfe]ll,ll/(^)ll,ll/2„[fc]ll<i^. 
In the sequel we write 

trQ dimQ . signQ 

(2) (2) (2) 

and denote by pr2„ : C^^ and pr2„[Xfe] : C2n[k\ C2n[k] the orthogo- 

nal projection onto the kernel of A2„ and A2„ [X^] . 

For each e > fix a polynomial p'^{x) e ]R[x] with real coefficients satisfying 
p^{Q) = 1, < p^x) < 1 + e for < e and < p{x) < e for e < |a;| < if (where 
K is the constant of Lemma 1.3). 

1.4. Lemma. For each p and k we have 

dimfe Cp{Xk) = dim^r Cf^ (X), 

and hence in particular 

lim dimfeCp(Xfc) = dimMvC^p^iX). 

k — ^oo 

Proof. For every k, dim^ Cp{Xk) is equal to the number of p-cells in X, and the 
same is true for dim^vr Cp^\x). □ 
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1.5. Lemma. For QT-linear maps /ii, ■ . . ,hd : QF'" QF'" and a polynomial 
p{xi, . . . , Xd) in non-commuting variables Xi, . . . ,Xd we have 

trArr(p(/if \ . . . , /if)) = lim tvk {p{hi[k], hd[k])) . 

Proof. By linearity it suffices to prove this for monomials p = Xi^ . . .Xi^, and 
since the hj are not assumed to be different, without loss of generality we can 
assume p = Xi . . .Xd- The proof of [10, Lemma 2.6] applies and shows that there 
is 1/ > such that tT_\fr{hi o ■ ■ ■ o h\ ) = trfc(/ii[fc] o • • • o hd[k]) for k > L. □ 

The lemma is formulated in a way that it can be applied if the assignment 
h — > h[k] is not a homomorphism. This is unnecessary here, but will be needed 
in Section 2. 

1.6. Lemma. There is a constant Ci > (independent of k) such that for 
< e < 1 and k>l 

trfe(x(o,e](A2„[Xfe])) <-g^. (1.7) 

Proof. This is part of [10, Lemma 2.8]. □ 

1.8. Lemma. We find a constant C > (independent of k) such that for all 
k>l and < e < 1 

< tVk {\p'{A2n[Xk]) - P^2n[Xk]\) <C-e+ ^ 



-He) 
Moreover 

limtrA,r(|p^(A^'j)-pr^'j|) =0. 

Proof. First observe that by our construction p'^{A2n[Xk]) — pr2„[Xfc] is non- 
negative since < p"^ — X{o} on the spectrum. We also have p'^ — X{o} < e + X(o,e] 
on the spectrum of the operators. Since the trace is positive, we get 

< trfc(p'(A2„[Xfc]) - pr2„[^fc]) < etrfc(idc2„[fc]) +trfc(x(o,ei(A2„[Xfc])). 

Now the first inequality follows from Lemma 1.4 and Lemma 1.6. The second 
one follows from 

tr^r {p' {A^2n ) - p4'J) < e tr^r (id^i^j ) + tr^^r (x(o,e] (A^'j )) 

and the fact that because of Lemma 1.2 lime^o trjvr (x{o,e]i^^n)^ ^ 
We also cite the following result [10, Theorem 2.3]: 
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1.9. Theorem. The normalized sequence of Betti numbers converges, i.e. for 
each p 

lim dimfc(ker(Ap[Xfc])) = dimjvr ker(A(2)). 

We want to approximate X(a,6) by polynomials. Next we check that for a 
fixed polynomial we can replace pr2„[Xfc] in the argument by p"^ {A2n[X k]) ■ 

1.10. Lemma. Fix a polynomial q E M.[x]. Then we find a constant D > 
( independent of k ) such that for all k > 1 and < e < 1 

I tVk {q {p%A2n[Xk]) O /2„[fc] 0/(A2„[Xfc]))) - 

trfc {q (pr2„[Xfc] o /2„[A;] o pr^^iXk])) \<D-e+ ^ 



.ln(e)- 

Moreover, we have 

lim tr^^r (g (p^(A^'j) o f^'J op^(A(^j))) = tr^r (« (pr^'j of^l^ o pr^^j)) . 



Proof. By linearity it suSices to prove the statement for all monomials q{x) = 
x". Obviously it suffices to consider n > 1. In the sequel we abbreviate x = 

p'{A2n[Xk]), f = f2n[k] and y = pr2„[Xfc]. Notice that < (1 + e), \\f\\ < K 
and \\y\\ < 1 holds for the constant K appearing in Lemma 1.3. We estimate 
using the trace property tv{AB) = tT{BA) and the trace estimate |tr(^S)| < 
II ^11 • tr(|i3|) (which also holds for the normalized traces tr^ and for trjvT by [7, 
p. 106] since all the traces wc are considering are normal), 

\trk {{p'{A2n[Xk]) O f2n[k]op'{A2n[Xk])r) 

- trfe ((pr2„[X,] o f2n[k] o pr2„[X,])")| 
= I tr {xfxxfx . . . xfx - yfyyfy . . . yfy) \ 
= |trfc {{x - y)fxxfx . . . xfx + yf{x - y)xfx . . . xfx 
= + yfy{x - y)fxxfx ... /a; + ... + yfyyfy . . . yf{x -y))\ 

< 2n • (1 + e)2"-i . X" . tr(|a; - 2/1) 
= 2n • (1 + e)2"-i . ■ trfc (|/(A2„[Xfc]) - pr2„[Xfc]|) . 

A similar estimate holds in the i^-case. The claim follows from Lemma 1.8. □ 

1.11. Lemma. Fix a polynomial q{x) €:M.[x\. Then 

fc^-H^ trfc {q (pr2„ [Xk] o f2n [k] o pi2n [Xk])) = tr^r^ (q (pr^^^ of^^J o pr^^^ j j . 
Proof. Fix S > 0. By Lemma 1.10 we find e > such that for all A; > 1 

|trfe {q {p%A2n[Xk]) O f2n[k]op'{A2n[Xk]))) - 

tTk {q (pr2„[^ft] o f2n[k] o pr2„[^ft]))| < S/3; 
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trArr(g (prfj°/i'^°p4'j))|<V3. 
Hence it sufBces to show for each fixed e 

lim trk{q{p%Cp+i[k]cp+i[k]* + 

fe— »CX) 

Cp[k]*Cp[k]) o f2n[k] o p''{cp+i[k]cp+i[k]* + Cp[k]* Cp[k]))) 

= twr(? {p^c^Mi: + ) o /(^p^(cS,cs; + 4^)*cf ))). 

Since g and p^ are fixed, we deal with a fixed polynomial expression in Cp, c*, 
Cp+i, c*_|_]^, and /2„. Therefore the last claim follows from Lemma 1.5. This 
finishes the proof of Lemma 1.11. □ 

1.12. Lemma. We have for a, 6 S K with a < b 

tv^T {x(a,b) (H^^Kfi^^))) < liminf tr, (x(„,6) . 

Proof. We approximate X(a,6) by polynomials. Namely, for < e < (6 — a)/2 
and K as above let e R[x] be a polynomial with 

-1 < q^ix) < X{a,b){x) for < K; 
q'{x) > X{a,b){x) -e for a; e [-K, a] U [a + e, 6 - e] U [b, K]. 

Under the identification of im(pr2„[Xfe]) and Hp{C^[k]) coming from the (com- 
binatorial) Hodge-de Rham theorem the operator pr2„ [X^] o /2„ [k] o pr2„ [Xk] 
restricted to im(pr2„[Xfe]) becomes i/p(/*[fc]) which is selfadjoint because of 
~ y4n-*_ Hence pr2„[Xfe]o/2„[fc]opr2„[Xfe] and also the operator q'=(pr2„[Xfc]o 
f2n[k] opr2n[-^fe]) sclfadjoint. The same is true on the L^-level and we con- 
clude 

trfc (X(a,b) {pr2n[Xk] o /2n[fc] o pr2«[-'^fe])) = trfe {x{a,b) {Hp{f*[k]))) ; (1-13) 
tr^r (x(a,b) (p4'j of^^J o pr('j)) = tr^^r (x(a.5) (ff(2)(./i'^)))(l-14) 

Positivity of the trace and q'^{x) < X(a,b)ix) for all x in the spectrum of pr2„ [Xk]o 
f2n[k] o pr2„[Xfc] implies 

trfe (g" (pr2„[Xfe] o /2„[fc] o pr2„[Xfe])) < trfe (x(a,6) (pr2n[-'^fe] ° f2n[k] o pr2„[Xfe])) . 

Note that for fixed g^ the left hand side converges for fc ^ oo by Lemma 1.11. 
For the right hand side this is not clear, but in any case we get 

tW^(g^(pr<^/i^pr(^j)) 

< liminf trfe {x{a,b) {P^2n{^k] ° f2n{k] o pr2„[^fe])) ■ (1.15) 
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On the spectrum of the operator in question, the functions q"^ are uniformly 
bounded and converge pointwise to X(a,b) if e ^ 0. By Lemma 1.2 

lim trjvr (q' (p4^^ of^^J o pi^^n)) = tWr (x(a,6) [w2n °f2n ° P^2n)) ■ 
Since inequality (1.15) holds for arbitrary e > 0, we conclude 



trATr (X(a,6) [W2n °f2n ° P^2n)) 



< liminf tr^ (x(a,6) (pr2„[^fc] o f2n[k] o pr2„[Xfc])) . 

fc— »CX3 

Now the claim follows from (1.13) and (1.14). □ 

1.16. Lemma. Let f^, : C^, ^ be a QT-chain map of finitely generated based 
free QT-chain complexes. Then we get for all p 

^hm dimfc (ker {Hp{f4k]))) = dim^^r (ker (if^'H/i"^))) • 

Proof. We can assume without loss of generality that C* and are (p + 1)- 
dimensional. Consider the long exact sequence of QF-chain complexes 

— > cone(/*)* EC* 0, where cone(/,)» is the mapping cone of /* and 
EC* the suspension of C*. It is a split exact seqiience in each dimension and 
thus remains exact after applying 1^{T) (g)Qr — • The weakly exact long homology 
sequence yields a weakly exact sequence of Hilbert A/'(r)-modules 

<),(cone(/.)l^)) <\(d^)) H^liDi'^) 

Hl%{cone{fS^)) ^ ker{H^{fi^^)) ^ 0. 

This implies 

dimA^r (ker(£rp(/i')))) 

= dimA^r [h^Z (cone(/*)?' )) - dim^^r (h^Z {oi^'^ )) 

+ dimATr (i?S(d'^)) - dim^rr [H^%{cone{fS^)) . (1.17) 
Analogously we get 

dimfe (ker(Fp(/4fc]))) 

= dimfe (iJp+i(cone(/,[fc]),)) - dim^ (i7p+i (!),[&])) 

+ dimfe {Hp+i{C4k])) - dimfe (ifp+2(cone(/*[A:])*)) . (1.18) 
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We conclude from Theorem 1.9 

dim^/T (i?l+i(cone(/*)l^M = lim dimfc (ifp+i(cone(/*[fc]),)) ; (1.19) 

\ ^ / fe— >oo 

dim^f^ (^H^%{Di^^)) = Jim dimfc ; (1.20) 

dimAAr (ff^+\(d'^)) = \im^dimk{Hp+i{a[k])); (1.21) 
dimATr (H^%{cone{fS^)) = dimfc (ifp+2(cone(/4A;]),)) . (1.22) 

Now the claim follows from equations (1.17)-(1.22). □ 
Now wc arc ready to prove Theorem 1.1. 
Proof. We get from Lemma 1.12 and Lemma 1.16 

6^'^ f o^'h < lim inf • 6(2) , (2) . ^2n-(.9.[fc]) . 



Since 



n^^nrTTf^^T^^ = dim.(C2„W); 
dim..r(c£0=Jnndim,(C2„[fc]) = ^l^^j^^^, 

Theorem 1.1 and thus Theorem 0.1 follow from Lemma 1.4. □ 

1.23. Remark. Theorem 0.1 can be applied to a 4n-dimensional Riemannian 
manifold X with boundary Y. In this case, the Atiyah-Patodi-Singer theorem 
[2, Theorem 4.14] and [5, (0.9)] and the i^-signature theorem of [12] imply 

vol(Xfc) vol(Xfc) Jx^ vol(Xfc) vol(Xfe) Jqx^ 

sign(2'(X.aX) 1 f rrv^ v'^^HdX) 



vol(X) vol(X) 



Here L{Xk) and L{X) denote the Hirzebruch L-polynomial, and IlL{dXk) and 
IlL{dX) are a local correction terms which arises because the metric is not a 
product near the boundary. Being local expressions, the first and the third 
summand does not depend on fc. It follows that the sequence of //-invariants 
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converges. In fact, even without the assumption that y^"- 
suitable manifold X, in [22, Theorem 3.12] it is proved 



is a boundary of a 




Key ingredients are on the one hand the analysis of Cheeger-Gromov in [5, 
Section 7] of the formulas (2.24) and (2.25) (which holds for operators different 
from the signature operator). We present similar considerations in Section 2.1. 
The second key ingredient is Liick's approximation result for L^-Betti numbers 
[10, Theorem 0.1] (which is special to the Laplacian, the square of the signature 
operator) . 

1.24- Remark. The normalized signatures ^'^"r/^^'|^''"' arc the i^-signatures sign '•^•'(X^, Yj,) 
of the r/Ffe-coverings {Xk, Ffe) {X, Y). With this reformulation, one may ask 
whether Theorem 0.1 holds if F/F/j is not necessarily finite. 

This is indeed the case if the groups F/F/j belong to a large class of groups 
g defined in [18, Definition 1.11]. 

The corresponding question for i^-Betti numbers is answered affirmatively in 
[18, Theorem 6.9] whenever F/F^ G G- As just mentioned. Theorem 0.1 extends 
to this situation as well, and the proof we have given is formally unchanged, 
using the generalization of Lemma 1.3 and Lemma 1.5 given in [18, Lemma 5.5 
and 5.6]. It only remains to establish Lemma 1.6, which is not done in [18]. 
We do this in the following Lemma 1.25, which applies because of [18, 6.9] and 
because of Lemma 1.3. 



1.25. Lemma. 7/||A[Xfc]|| < K and 




(1.26) 



then 



trfe(x(o,.](A[Xfc]))<^^-^. (1.27) 




Here F^[Xk]W spectral density function of the operator A[Xj,] com,puted 

using dim^ instead o/ dime, and d = F^^k]{K) is the number of rows (and 
columns) of the matrix A. 



Proof. We argue as follows (with F := F^^Xk])' 




<ln(e) (F(e)-F(O)) +ln(||A[Xfe]||)F(||A[Xfe]||). 
^ „ ' 



=trfc(X(0.el(A[Xj,])) 

For < e < 1, using the bound || A[Xfe]j| < K of the generalization of Lemma 
1.3, Inequality (1.26) immediately gives (1.27). □ 
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2 Amenable convergence of signatures 
2.1 Analytic version 

In this subsection we want to prove Theorem 0.4. We will use the following 
notion of manifold with bounded geometry (compare e.g. [11, Definition 2.24]). 

2.1. Definition. A Ricmannian manifold {M,g) (the boundary may or may 
not be empty) is called a manifold of bounded geometry if bounded geometry 
constants Cq for g e M and Ri, Rc > exist, so that the following holds: 

(1) The geodesic flow of the unit inward normal field induces a diffeomorphism 
of [0, 2Rc) X dM onto its image, the geodesic collar; 

(2) For X e M with d{x, dM) > Rc/"^ the exponential map T^M ^ M is a 
diffeomorphism on Brj{Q); 

(3) The injectivity radius of dM is bigger than Ri ; 

(4) For every q e M wc have |V*i?| < Ck and < Ci for < i < q, where 
R is the curvature tensor of M, I the second fundamental form tensor of 
dM, and V and are the covariant derivatives of M and dM. 

By [20, Theorem 2.4] this is equivalent to [11, Definition 2.24]. 
Every compact manifold, or more generally every covering of a compact 
manifold, is a manifold with bounded geometry. 

We now repeat a few well known facts about manifolds of bounded geometry. 

2.2. Proposition. Let M be a compact smooth Riemannian manifold. There 
is a constant ^ > 0, depending only on the bounded geometry constants and the 
dimension of M, such that 

\e^{-tAp{M)){x,x)\ < A fort>l,x€M; 

bp{M) < Avol(M); 
bp{M,dM) < Avol(M), 

where the Laplacian can be taken with either relative or absolute boundary con- 
ditions. 

Proof. The first inequality is proved in [11, Theorem 2.35]. The claim for the 

Betti numbers is a consequence of the fact that the Betti number bp(M) or 
bp{M,dM) can be written as limt_»oo /^^ tr^; exp(— tAp(M))(a;, x) dx for the 
Laplacian with absolute or relative boundary conditions, respectively. □ 

2.3. Theorem. Let M, N be Riemannian manifolds without boundary which 
are of bounded geometry and with a fixed set of bounded geometry constants. 
Let U be an open subset of M which is isometric to a subset of N (which we 
identify with U ). For R > set 



Ur := {x G U\ d{x, M-U)>Rand d{x, N - U) > R}. 
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Let D[M] and D[N] be the (tangential) signature operaiors on M and TV, re- 
spectively; and similarly A[M] and A[N] the Laplacian (on differential forms). 
Let e~*^{x,y) and De~*^ {x,y) be the integral kernels (which are smooth) of 
the operators e~*^ and De~*^ . Then there are constants Ci^C^ > which 
depend only on the dimension and the given bounded geometry constants such 
that for t> Q, X ^ Ur and p>Q 

e-*^[^l(x,x) -e-*^[^l(x,a;)| < Ci -e-^'^^/*; (2.4) 
£»[M]e-*^[^l'(a;,a;)-£)[Ar]e-*^[^l'(a;,a;) < Ci • e-«'^^/*. (2.5) 

Proof. This follows by a standard argument of Cheeger-Gromov- Taylor [6] from 
unit propagation speed and local elliptic estimates (here the bounded geometry 
constants come in). A detailed account is given in the proof of [11, Theorem 
2.26] which yields immediately (2.4). Replacing by D (which is possible 
since wc arc looking for manifolds without boundary, so that we do not have 
to worry about the non-locality of boundary conditions and therefore have unit 
propagation speed for D, too), the proof also applies to the tangential signature 
operator to give (2.5). □ 

2.6. Proposition. Let M™ he a manifold of bounded geometry with fixed hounded 
geometry constants and. with dM = 0. Let D he the (tangential) signature op- 
erator on M . Then there is a function A : [0, oo) (0, oo) which depends only 
on the bounded geometry constants and the dimension m, such that for T >0 



tr.o. 



(^De-^^\x,x)^ <A(T)-<i/2 forO<t<T,xe M. 



Proof. One can use the proof of [13, Lemma 3.1.1 on p. 324] (where a slightly 
different statement is proved). The proposition is also implicit in [5, Proof of 
Theorem 0.1 on p. 140]. The proof uses the cancellation of the coefficients of 
negative powers of t in the local asymptotic expansion due to Bismut and Freed 
[4, Theorem 2.4] and a localization argument based on elliptic estimates (here 
the local geometry comes in), together with the finite propagation speed method 
of Cheeger-Gromov- Taylor [6]. □ 

We fix the following notation. 

2.7. Notation. In the situation of Definition 0.3 put for r > 

UriYk) := {xGX; dix,Yk)<r}, 

where two points y,z ^ X have distance d{y, z) = d if there is a geodesic of 
length d in X joining y and z and d = oo if there is no such geodesic. In 
particular d{y, z) < oo implies that y and z lie in the same path component of 
X. Let be a (compact) connected simplicial fundamental domain for X in 
X such that !F n dX is a fundamental domain for dX. (We can construct T 
as a union of lifts of the top- dimensional simplices in a smooth triangulation of 
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X and achieve to be connected, since X is connected by assumption.) For 
r > let Nk{r) be the number of translates of contained in X). — Ur{Yk) and 
nk{r) the number of translates of which have a non-trivial intersection with 
Ur{Yk). Set Nk := Nh{Oy, Uk := nfe(O). 

The next lemma shows that our Definition 0.3 of a regular exhaustion co- 
incides with the one given by Dodziuk and Mathai [8], with one exception: we 
require a lower bound on the injectivity radius of the boundaries dXk and con- 
trol of the covariant derivatives of the second fundamental form, what they seem 
to have forgotten (but also use). 

2.8. Lemma. // {Xk)k>i is a regular exhaustion of X as in Definition 0.3, 
then for each r > 

iim-^(^f;))=o. 

/s-»oo VOl(Afc) 

Proof. To obtain this we discretize: Choose e > such that 4e is smaller than 
the injectivity radius, and choose sets of points Pk C Yfe such that the balls of 
radius e around x G Pk are mutually disjoint, but the balls of radius 4e are a 
covering of Yfc. Because of bounded geometry (compare the proof of [21, Lemma 
1.2 in Appendix 1]), we find ci, C2 > independent of k such that 

ci l-Pfcl < area(yfe) < C2 \Pk\ ■ 

The triangle inequality implies Ur{Yk) C IJj, i?r+4c(-^^fe)- Therefore 

vo\{Ur{Yk)) < Cr+4e \Pk\ < Cr+4eCi^ area(yfc), 

whc;re C'r+ie is a uniform upper bound for the volume of balls of radius r + 4e 
in X which exists because of bounded geometry. Since we have by assumption 
liuik^oc ^'o^Xk j — 0, Lemma 2.8 follows. □ 

2.9. Lemma. // {Xk)k>i is a regular exhaustion of X as in Definition 0.3, 
then 

J. area(i9Xfe n dX) aiea{dX) 
~ vol(X) ■ 

Proof. Obviously vol{!F) — vol{X) and area(J^n dX) = area(9X). Recall that 
is connected. Suppose that !F (1 Xk ^ and T Xk — Ur{Yk). Then, for 
each r, must intersect Ur{Yk) because otherwise we can find a path in 
connecting a point in Xk to a point in X — Xk and this path must meet Yfe. 
Hence we get for r > 



k^oo VOl{Xk) 



Nk{r) ■ vol(X) < vol(Xfc) < {Nk{r) + nfc(r)) • vol(X); (2.10) 
Nk{r) ■ axea{dX) < axea{dXk n dX) < (iVfe(r) + nfe(r)) • area{dX). (2.11) 
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If follows that 



iVfc • area(9X) arca(9Xj, n dX) {N^ + n/,) ■ arca(9X) 

- ,.,.uv \ - AT ,.„uv\ • (2-12) 



{Nk+nk)-voliX) - vol(Xfe) - iVfcVol(X) 

Since n Ur{Yk) implies C C/r+diam(^)(yfc)) we have nk{r) ■ vol(X) < 
vol([/^+diam(:p)(^fc))- Therefore (2.10) implies 

nfe(r) _ nfe(r) vol(X) ^ vol([/r+diam(:p)(ifc)) 



nfe(r)+Arfe(r) (nfc(r) + 7Vfe(r)) vol(X) " vol(Xfc) 
Prom Lemma 2.8 we conclude 

lim = 0. (2.13) 

k^oo Nk{r) 

Now Lemma 2.9 follows from (2.12) and (2.13). □ 

2.14. Theorem. If {Xk)k>i is a regular exhaustion of X as in Definition 0.3, 
then 

lim ^ lim = ,(2)(aX). 

fc^oo Nk k^oo Vol(Xfe) ^ 

Proof. Let C dX^ fl 5X be the union of translates gj^ fl dX for (/ G F such 
that g!F C — 1^. The number of these translates g!F fl OX is just Nk. The 
number N^.s of "boundary pieces" appearing in [9] is bounded by Cs ■ for a 
constant which does not depend on k. Because of Inequality (2.13), (14)>fc 
is a regular exhaustion of dX in the sense of [9] by (2.13). We conclude from 
[9, Theorem 0.1] 

lrn.J^=bf\dX). (2.15) 

We can thicken Vk inside of dX to a regular neighborhood V^'. From Proposition 
2.2 we obtain a constant A independent of k such that 

hj>{dXk - ini{V;,),dV;,) < A ■ YolidXk - int(T40) _ 

< A- (vol(Yfc) • vol(aXn J")). (2.16) 

We have by excision bp{dXk,Vl) = bp{dXk — int(V^'), OV^') and by homotopy 
invar iance bp{Vk) = bp{Vl) . From (2.16) and the long exact homology sequence 
of the pair [dXk, Vk) we conclude 

\bp{dXk) - bp{Vk)\ < 2A ■ (vol(n) + nk ■ yo\{dX n JT)). (2.17) 

We get from (2.10) and (2.13) (since \o\{Yk)/ \o\{Xk) by assumption) 

that 

lim 2^Mn)+n.-vol(aXn.F)) ^ ^ ^^^^^ 

fe— >cio Nk 
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We conclude from (2.15) and (2.17) and (2.18) that 

limM|^^ = 6(^)(5X). (2.19) 
Now Theorem 2.14 follows from (2.10), (2.13) and (2.19). 

□ 

Remember that the Atiyah-Patodi-Singer index theorem [2, Theorem 4.14] 
and [5, (0.9)] and its i^-version (compare e.g. [12]) miply 



.^k) Jx, vol(Xfe) vol(Xfe) Jgx. 



vol(Xfc) vol(Xfc) Jxfc ' vol(Xfe) ' vol(Xfe) Jqx^ 
sign(^)(X,5X) _ 1 f ^^^^ ^ ^ ^If 



YOl{X) VOl(X) Jx YOl{X) VOl(X) Jgx 



Here L{Xk) and L{X) denote the Hirzcbruch L-polynomial, and IlL{dXf;) and 
IlL{dX) are local correction terms which arises because the metric is not a prod- 
uct near the boundary. We want to show that each of the individual summands 
converges for fc — !■ cx3 to the corresponding term for X. 

The L-polynomial is given in terms of the curvature, Hl in terms of the 
second fundamental form, therefore both are uniformly bounded independent 
of k by some constant C. 

Moreover, because these are local expressions, the integral over each translate 
of the connected fundamental domain which is contained in Xk — Yk coincides 
with the corresponding integral on X or dX. Then by splitting the domain of 
integration appropriately (as done in the proofs above) 



/ L{Xk) -Nk- f 
JXk Jx 



L{X) 



< Uk ■ vol(X) • C; 



(2.20) 



/ IlL{dXk)-Nk- I IiL{dX) 

JdXk JdX 



We conclude from (2.10) and (2.20) 

^ • / L{Xu) - • / L{X) 

K^fc) Jxk vol(X) Jx 

L{Xu) 



< area(yA;) • C 

+nk ■ area(5X) • C. (2.21) 



vol(Xfcj jx^ 
1 



< 



1 



vol(Xfe) Nk ■ vol(X) 



+ 



(2.20) 
< 



Nk ■ vol(X) 
1 



/ L{Xk) -Nk f L{X) 
JXk Jx 



(2.22) 



vol(Xfc) Nk vol(X) 
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We conclude from (2.10), (2.11), (2.21) and Lemma 2.9 

—J— • / iiLidXk) - -^T-T ■ I iiL{dx) 

VOl(Xfc) Jqx,, VOl(X) Jgx 

TlLidXk) 



< 



1 



vol(Xfe) iVfeVol(X) 
1 



+ 



(2.21) 
< 



1 



NkVol{X) 
1 



[ UL{dXk)-Nk[ UL{dX) 

JdXk JdX 



vol(Xfc) Nk vol(X) 
area 



'dXk 

area(9Xfc) • C 



+ 



Uk C ■ area(9X) 
NkVo\{X) ■ + ■ vol(X) 



(2.10) 

< C- 



(2.11) 

< c- 



1 



(nfc + Arfc)-vol(X) 7Vk-vo1(X) 



(area(Ffc) + area(5Xft n 5X)) 



arca(Y'fc) C ■ {N^ + n^) Uk C ■ aTea{dX) 
^ vol(Xfc) TVfe + TVfe ■ vol(X) 



"A- 



(arca(Yfe) + {uk + Nk) ■ arca(9X)) 



area(yfc) C ■ {Nk + rik) rik C ■ area(i9X) 
^ vol(Xfe) iVfe ^ TVfc ■ vol(X) 



(2^0) rife area(yfc) 



1 rik area(9X) 
]Vfe ■ vol(Xfc) ■ vol(X) ^ iVfe ■ vol(X) 

area(yfe) C • {Nk + rik) rik C ■ area(9X) 
^ vol(Xfe) iVfe ^ TVfe ' vol(X) ■ 



(2.23) 



Since limfe_ 



= by assumption, from (2.13), (2.22) and (2.23) follows 



lim 

k — *oc 



L{Xk) - — — 
vol{X) 



L{X) 



lim 



vol(X, 



vol(Xfe) 

I— ■ [ IlLidXk) - / IlLidX) 

Ak) JdXk vol(A) Jqx 



= 0; 
= 0. 



It remains to consider the eta-invariants. Because of their non-local nature 
this is the most difficult task. The strategy of the proof of the next proposition 
is similar to the proof of Remark 1.23. 

We first recall a few facts about the ry- invariant. Let D be the tangential 
signature operator of a 4n — 1-dimensional Riemannian manifold M, and M a 
F-covering with lifted signature operator D. Then 



r/(M) 



r(i/2) Jo 



r 



-1/2 



tr(£)e 



dt. 



(2.24) 
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and 

Tm I *-'/'tWr(:De-*^ ) dt, 
where (with a fundamental domain of the covering M — > M) 
trA^r(Se-*^') = j tr,((De-''^^){x,x))dx; 
tr(£)e-*^') = / tr^ ((£>e-*^')(x,x)) rfa;. 



(2.25) 

(2.26) 
(2.27) 



Following Cheeger and Gromov [5, Section 7] we give an a priori estimate 
for the large time part of the integrand defining the r^-invariant. First observe 
that for a; 7^ we have the following inequality of functions: 



/•OO 



-Tx' 



T|a;|^>0 



POO 

j \x\t-^'^e--'^*-^Ut 

poo 

/ Ixle-'^iulxl-^ + T)-^/^\x\-' du 
Jo 

POO 

/ e-"(u + T|a;|^)-i/2rfu 



-Tx' 

•t 



< e -X{0}-\/7r, 



where we used u ^/^e " du = y/n. For x = obviously xt ^^"^d dt = 
0. Hence we get for all x G M 

POD 

xt-'/'e-'-' dt < [e-^-' - Xio}{x)) ■ V^, 

where X{o} is the characteristic function of the set {0}. Applying the functional 
calculus with x = D we get 

J t-^^^tvj^riDe-*^ )dt 

and analogously with x = D 



< y/n ■ tI^J■^{e ^ - prker a) 



(2.28) 



pOO 



tr(£)e-*-^ ) dt 



< V7r-tr(e ^ -prterA) 



(2.29) 



2.30. Proposition. If {Xk)k>i is a regular exhaustion of X as in Definition 
0.3 then 



k^^x VOl(Xfc) VOl(X) 



lim 
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Proof. In the sequel D[k] or D is the (tangential) signature operator and A[k] 
or A is the differential form Laplacian on dXj^ or dX, respectively. Fix e > 0. 
Choose T such that 



tT^f^{e 



-TA 



P^ker a) 



< 



r(l/2j ■ \-ol(X) • e 
8^^ ■ 



(2.31) 



Put dX^ := U 



gee s.t. URigrKxSa^ n ^^)- By Theorem 2.3 for the given 
T > and e > we find i? > independent of k such that for < t < T and 
X e dX^. 



tr,(£)[fc]e-*^['=l'(a;, x)) - tr,(£)e-*^'(a;, a;)) 

tr,(e-*^W(x,a;))-tr,(e-*^(a;,x)) 



< ^(Vg-lW-^ (2.32) 



< 



4\/T • vol(aX) 
r(l/2) • vol(X) • e 
• vol(aX) 



. (2.33) 



Notice that UuigT) C <J=^ C Xk — Uji{Yk). Hence dX^ consists of 
Nk{R) translates of n dX. This implies vol{dX^) = Nk{R) ■ Yo\{dX). From 
Proposition 2.2 and (2.33) we get for a constant Ai independent of k (using the 
fact that A and its kernel are F-equivariant) 



tr(e-^^W) 



trArr(e-^^) 



Nk{R) 



Nk{R) 



trx(e-^^['=l(a;,a;)) dx 



Fndx 



iT:x{e {x,x)) dx 



< 



• / tr,(e-^^W(a;,x)) - tr,{e-^^{x,x)) dx 
J^k[R) Jdx^ 



+ 



k{R) ' L 



tr^(e-^^['=l (:c,:c)) dx 



-^fe(-R) JdXk-dXR 
r(l/2) • vol(X) • e • vol(aXf ) Ai ■ yo\{dXk - dX^) 



Nk{R) ■ 8^ ■ vol{dX) 



Nk{R) 



^ F(l/2) ■ vol(X) ■ e Ai ■ voljdXk - dX^) 
- Nk{R) 



(2.34) 



We conclude from (2.28), (2.29), (2.31) and (2.34) (using D = A and D[k]^ 
A[k]) 



1 



Nk{R) r(l/2) J J. 

1 



r(i/2) 



t-'/HY{D[k]e''''^''^")dt 
t-'/HvMDe-'^') 



< ^ .(-TA[k] ^„ ^ 
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+ - 



trArr(e' 



-TA 



< 



r(i/2) 



P^ker a) 



r(i/2) 



tWr(e -prters) 



+ 



r(i/2) 
r(i/2) 



tr(e-^^W)-trA,r(e-^-) 



TA^ 



iVfe(i?) 



trA/T(prkerA) - ]^^^tr(prkerA[fc]) 



< 



2 vol(X) • e vol(X) • e y/^ ■ ■ yol{dXk - dX^) 



+ 



+ 



r(l/2) • Nu{R) 



r(i/2) 



trA^r(prker a) - tr(prker A[fc]) 



(2.35) 



From (2.26), (2.27), (2.32), and Proposition 2.6 we obtain a constant A2 
independent of k such that the following holds: 



Nk{R) r(i/2) 



(a;, a;)) da; dt 



< 



1 



7Vfe(i?) r(i/2) 



(2.36) 



/ /" tr^(D[fc]e-*^t'=l'(a;,a;))-tr^(£>e-*^'(x,a;)) rfa;dt 



+ 



Jo Jd 



< 



(X) ■ c 



ti^{D[k]e-*^^''^\x,x)) dxdt 



^1 / i-i/2(^S:IL^.,ol(ax«) 
Nk{R)jQ V4VT-vol(aX) 



+ 



A2 



r(i/2) 



vol(aX) 
t^/^ ■ Yol{dXk - dX^)) dt. 



< 



vol(X) ■ e A2-T voljdXk - dX^) 
8 ^r(l/2)' Nk{R) 



(2.37) 



(2.38) 
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We conclude from (2.24), (2.25), (2.35) and (2.38) 
1 



Nk{R) 



riidXk) 



< 



vo\{X)-e A2-T vol{dXk- dX^) 3vol(X)-e 



r(l/2) 



Nk{R) 



+ 



+ 



^ ■ Ai ■ voljdXk - dXl 
r(l/2) • Nk 



trjvr(prkerA) 



r(i/2) 



' tr(pr; 



ker A[fe]; 



(.2.39) 



We get from (2.10) 

r?(2)(aX) rj{dX,) 



vol(X) vol(Xfe) 
Nk{R) 



< 



< 



vol(Xfc) 
1 

vol(X) ■ 



rj(^){dX)- 
r]^^\dX)- 



NkiR) 
1 



vidXk) 



Nk{R) 

We conclude from (2.39) and (2.40) 

7^(2) (aX) T^idXk) 



v{dXk) 



NkjR) l_ 

vol(Xfe) vol(X) 

V^^\dX) nk{R) 
vol(X) ' Nk{Ry 



r?(2)(ax) 



(2.40) 



vol(X) vol(Xfc) 

e A2-T 



< 



8 vol(X)-r(l/2) 
+ 



YoljdXk - dX^) 3e 
Nk{R) 

0F- Mo\{dXk - dX^) 



+ 



vol(X) •r(l/2) 

voi(x) •r(i/2) 

vol(X) ' Nk{Ry 



Nk 

trA/-r(prkerA) 



Nk{R) 



tr(pr 



ker A[fe] 



(2.41) 



Recall that dX^ consists of Nk{R) translates of fl dX. The same arguments 
as above (using (2.13)) imply 



= 0. 



We get from Theorem 2.14 for k sufficiently large 

tr(prkerA[fc]) ,. K{dXk) ,(2).o-^F^ , , ^ 



(2.42) 



(2.43) 
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(with the convention 6* := Y.p>oh)- From (2.13), (2.41), (2.42) and (2.43) we 
get the existence of a constant K(e) such that for ah k > K{e) 



< e. 



vol(X) vol(Xfe; 
Now Proposition 2.30 follows. This finishes the proof of Theorem 0.4. 



(2.44) 
□ 



2.45. Rem,ark. Using the symmetry of the tangential signature operator one can 
restrict to (2n— l)-forms on the boundary, as explained in [3, Proposition 4.20]. 
In particular, (2.43) has to hold only for 62^-1 (compare also [5, 22]. 



2.2 Combinatorial version 

In this subsection, we prove a combinatorial version of Theorem 0.4. It uses 
the more algebraic techniques employed in Section 1 rather than the heat kernel 
analysis of Subsection 2.1. This way, the result applies to triangulated rational 
homology manifolds (with boundary). 

Let X be a compact triangulated rational homology manifold with boundary 
L, and of dimension 4n. Let X be a regular covering of X with finitely generated 
amenable covering group F. We start by describing the type of exhaustion we 
arc going to use. Let ^ be a fundamental domain for the covering X ^ X, 
i.e. T contains exactly one lift of each top-dimensional simplex of X. For each 
simplex a in X choose a lift a in Let 5 be a finite system of generators of 
F. It gives rise to a left invariant word metric on F. For a subcomplex Z d X 
and > 0, define 

Ur{Z) := 

y {7CT I 7 e F and 371 e Fwith (i(7 - 1, 7) < R, 71CT n Z 7^ 0}. 

(jsimplex of X 

This depends on the choice of S as well as the lifts a. For each 5 e F, Uii{gZ) = 
9Ur{Z). 

2.46. Definition. For a simplicial complex Y let \Y\ be the total number of 
simplices of Y. Similarly, for any subset of a simplicial complex which is a 
union of open simplices, is the number of open simplices in W. 

A sequence Xi C X2 C . . . X of finite subeomplexes is called an amenable 
exhaustion if UfceN = X and if for each R > 

\Xk\ ' ■ 

It is called a balanced exhaustion, if for each orbit Ta of simplices in X 

\Xk n Ta\ k^oo 

\Xk\ ' \x\- 
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Denote 

. trc dime , , 

tr.:=^|X|; dim. := ^ |X| . 

2.47. Theorem. Assume X is a compact simplicial complex triangulating a 
rational homology manifold with boundary the subcomplex dX. Assume X is a 

normal covering of X with amenable covering group T. Let Xi C X2 C . . . he 
subcomplexes forming a balanced amenable exhaustion of X by rational homology 
manifolds (with boundaries Yk). Then 

sign(Xfe,Ffc) . 
lim 1— \X\= sign^^^(X,aX). 

Before proving this, we investigate the relation between the Poincarc duality 
maps of one homology manifold being a codimension-zero subcomplex of another 
homology manifold. As an illustration we consider the following diagram. Let 
U C M be codimcnsion zero submanifold with boundary dU of a compact 
manifold M . For the moment assume dM is empty. 

HP{M) < HP{M,M-U) ~ 1 HP{U,dU) 



n[M] 



n[u,du] 



Hn-p{M) H„-p{U) 



Hr,_p{M) > Hr,-p{M,M-U) H^_p{U,dU). 

In this diagram, the maps without labels are induced by inclusions and the 

isomorphisms are given by excision. The diagram commutes because the fun- 
damental class of M is mapped to the fundamental class of {U,dU) under the 
composition of the maps in the lowest row (for p = Qi). A corresponding result 
holds if M itself has a boundary. 

Because we have to apply this in the L-^-setting, we give a chain-level de- 
scription this diagram. For this, let {X, L) be an n-dimensional pair of simpli- 
cial complexes triangulating an oriented rational homology n-manifold X with 
boundary L. Let X, L be the lifted triangulation of a normal covering of X {L is 
the inverse image of L in X) with covering group F. Without loss of generality 
we assume X and X are connected (we can deal with one component of X at a 
time, and then the L^-signature is unchanged if we consider only one component 
ofX). 

We first want to describe the (simplicial) L^-chain- and cochain complexes 
of X. Set TT := ■Ki{X). We have by definition 

Cl^)(X,L) = homz.(a(l,L),;2(r)), 
C(*2)(X) = homz.(a(l),;2(r)), and 

cf)(X) = z'(r) ®z^a(x). 
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Here X is the induced triangulation of the universal covering of X, L is the 
inverse image of L in X, and we always use the simplicial (co)chain complexes. 

There are canonical identifications of the simplicial i^-chain and L^-cochain 
complexes C^\x), C^^^{X) with L^-summable functions on the set of p-di- 

mensional simplices of X, and of Cp^\x, L) and C^^-^{X, L) with L^-summable 

functions on the set of p-dimensional simplices of X which do not belong to L. 

We write i^-functions on the set of simplices of X as formal sums Xacr. 
Then the identification of cochains with L^-functions is the anti-linear isomor- 
phism given by a I—!- '^^^'xi^, a,{(7))(7, where a is an arbitrary lift of a to the 
universal covering. Note that there is a unique projection p: X ^ X since X is a 
connected normal covering of X. The identification of chains with L^-functions 

on the set of simplices is given by ^X^g^p ^gdj <S) ^ i— > J2ger ^9^^ where 5- is a 

simplex in X (or, for C*(X, Z) of X \ L) and a = p{d-). 

Note that this way, in particular we identify the L^-chain- and cochain groups 
with each other (via an anti-linear isomorphism). However, this is nothing but 
the usual isomorphism of a Hilbert space with its dual. Note that this is not 
an isomorphism of chain complexes. Under the identifications, the chain- and 
cochain maps induced from the inclusion of X in {X,L) become the obvious 
inclusion and orthogonal projection, respectively. 

2.48. Lemma. Under the above identification, cap-product with the fundam,en- 
tal class — defined on the (co)chain level using the Alexander- Spanier diagonal 
map — gives a map C^*2^(X, L) ci^\x) which sends an L'^ -function a on the 
p-simplices in X\L to 

X] fn-p{^){a,bp{a)}i2(xy 

a n-simplex of X 

Here fq, bp are the front- and back-faces of the corresponding dimension, as 
usual in the Alexander- Spanier diagonal approximation. To be able to define 
this, we choose also a T-invariant local ordering of the vertices of X, e.g. by 
lifting such a local ordering from X. 

Proof. Using the notation introduced above, C*(X, C) can be identified with 
C (8)z7r C*(X). For each simplex a of X choose a lift a in X. Then the fun- 
damental class of X can be written as '^^^Xn 1 ® ^r, where Xp denotes the 
collection of p-simplices in X. 

The Alexander- Spanier cap-product of a e homzw (Cp(X, L), P{T)) with the 
fundamental class is then given by 

J2 {a{bp{a)))* fr,-p{a). (2.49) 

Here •* : ^^(r) ^^(r) is the standard anti- linear isomorphism induced from 
g g~^ and from complex conjugation of the coefiicients. 
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Now observe that the function a = J2aex ^o^c^ is mapped to the cochain 

ser 

and ag-ip(5) = (3-^(0-), a)i2 . 

By (2.49), capping this cochain a with the fundamental class gives the chain 

V(&p(ct)), a)g-^ ® /„-p(ct). 
Under our identification, this chain becomes the function 

where wc use the fact that the family .9^^p(a") for 5 G F and a G Xn is exactly 
the family of all n-simplices of X, and the fact that the front- and back-face 
maps commute with the action of tt (and F). □ 

2.50. Lemma. Composing the cap-product with the fundamental class with the 
map induced from the inclusion X — > {X, L) we get a map g^ '■ C^2) i-^' ^) ~^ 

X, L) which under the identification with L'^ -functions on simplices in X\L 
maps such a function a (on p-simplices) to 

Y fn-p{^)h{fn-p{^)){a, bp{a))pfYy 

a n-simplex of X 

Here is 1 if a is not contained in L, and is ifaGL. 

Proof. This is an immediate consequence of the first lemma. □ 

Assume now ?7 is a compact subcomplex of X which has itself a subcomplex 
V (not necessarily contained in L) such that ([/, V) triangulates an oriented 
homology n-manifold with boundary (i.e. [/ is a codimension submanifold 
with boundary) . The above identifications and formulas apply to the chain- and 
cochain complexes of U and V with complex coefficients. Moreover, observe that 
these identifications give canonical embeddings Plf of C*{U, V, C) in C^*2j(X, L) 

and of Ct,{U,V;C) in ci^\x,L). The corresponding orthogonal projection is 
the adjoint Pu- 

2.51. Proposition. In this situation, with all the identifications described, 

gu = Pu ° ffx° Pu- 

Proof. This is implied by the formula of Lemma 2.50. We only have to make 
the simple but key observation that a top-dimensional simplex of X which is 
not contained in U has no face contained in U \V (since in the star of an 
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interior point, any two top-dimcnsional simpliccs can be joined by a sequence 
of top-dimensional simplices having pairwise a common face of codimension 1. 
Therefore the star in X of an interior point of U can not be bigger than the star 
in U). □ 

Now we are ready to prove Theorem 2.47. We start with some auxiUary 
results we will use. As before, let ^ be a fundamental domain for the covering 
X ^ X. Remember that for each simplex cr in X we have chosen a lift a in 
J^. This way, we get an identification C*2^{X) ~ I'^iX) = ®crex^^(r) • o", with 
subspaces P{Xk)- Let be the orthogonal projection l'^{T) ■ a ('^(r) • W) fl 
l^{Xk) = l\Xk nra). Using the above identification, Pk : l'^(X) P{Xk) 
splits as Pk = diag^gj(-(Pj^). For a F-cquivariant operator A : C*{X) C*{X) 
(inducing the operator A^"^^ on C'^^)) define A[k] := PkA^^^'Pk (cither considered 

as operator on 1^{X) or on l'^{Xk)). Observe that, if c : C*{X) C*{X) is the 
cellular cochain map with adjoint c*, then c[k] is the cochain map of X^ with 
adjoint c*[A:]. Note that the combinatorial Laplacian A [X^] = c[fc]c*[fc]+c*[A:]c[A:] 
in general does not coincide with A[k] where A = cc* + c*c is the Laplacian 
of X. By Proposition 2.51 for the Poincare duality cochain operator we get 
9x, g[k] 

From this point, the proof of Theorem 2.47 is formally the same as the proof 
of Theorem 1.1 in Section 1: we have a sequence of operators g[k] and Laplacians 
A[Xfc] and we have to prove that 

tr, X(a,i,)(A[Xfe]g[fc]A[Xfe]) tr^r XiaM^'-^^g^^^^) 

for (a, 6) = (—00,0) and for (a, 6) = (0, oo). 

We only need the following ingredients, which replace Lemma 1.5, Lemma 
1.4, Lemma 1.3, Lemma 1.6, and Theorem 1.9 in the covering situation, and 

the proof given in Section 1 goes through. 



2.52. Lemma. For T-equivariant linear operators hi, . . . ,hj^ : C{X) 1^{X) 
(inducing operators h''^^ on 1^{X)) a 
muting variables xi, . . . ,Xd we have 



(inducing operators h''^^ on 1^{X) ) and a polynomial p{xi, . . . , Xd) in non-com- 



irj^r{p{h'-i\...,hf))= lim trk{p{hi[k], . . . Mk])) ■ 

k — ^oo 

Proof. Because of linearity of the traces it suffices to study monomials x\. . . xa. 
The lemma for /ii = /12 = ■ ■ ■ hd and slightly less general projections is due to 
Dodziuk-Mathai [9, Lemma 2.3]. An account (with yet another slightly different 
setting) can be found in [18, 4.6], and the proof given there carries over with 
no more than obvious changes to the more general situation we are considering 
here. □ 

2.53. Lemma. For each simplex a G X 

trfe(p-) 1. 
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Proof. This is just the definition of a balanced exhaustion. □ 

2.54. Lemma. There is K > 1 such that for all k> 1 

\\M'^\\,\\A[Xk]l\\9^'^\\,\\9[k]\\<K. 

Proof. This follows from submultiplicativity of the operator norm and the fact 
that ||Pfe|| < 1 for each k, as these are orthogonal projections. □ 

2.55. Lemma. There is a constant Ci > (independent of k) such that for 
< e < 1 and k>l 

trfe (x(o,.](A2„[Xfc])) < (2.56) 

Proof. This can cither be proved as in [9, Lemma 2.5], or we can observe that, 
since A[Xfe] is defined over Z, Indet' A[X/c] > (compare [10, Theorem 3.4(1)]). 
Then the inequality follows from Lemma 1.25, Lemma 2.54, and Lemma 2.53. 

□ 

2.57. Theorem. The normalized sequence of Betti numbers converges, i.e. for 
each p 

lim dimfe(ker(Ap[Xfe])) =dimjv-rker(A(2)). 

fc— >oo 

Proof. This is essentially [9, Theorem 0.1]. Actually, our exhaustion is slightly 
more general than the ones considered there. But the proof only requires Lemma 
2.52, Lemma 2.53, 2.54, and Lemma 2.55; which we have already established, 
and so goes through without changes (compare [18, Section 6]). □ 

Now the proof of Theorem 2.47 can be finished as described above. 

Having proved Theorem 2.47, the question remains open whether in the 
given situation amenable exhaustions by rational homology manifolds exist. 
Amenability is equivalent to the existence F0lner exhaustions by subcomplexes 
without additional structure (used e.g. in [9]). We will thicken them to get 
homology manifolds (with boundary), for which the signature is defined. We 
thank Steve Ferry who explained to us how to do this thickening. 

We use the following notation: 

2.58. Definition. Let X be a simplicial complex with a subcomplex X. We 
define star(X), the star of X, to be the union of the stars of all vertices in X, 
where the star of a vertex is the union of all closed simplices containing this 
vertex. 

Denote the barycentric subdivision of K with Kb, of X with Xf,. 
We obviously have: 

2.59. Lemma. In the situation of Definition 2.58, star(X)f, = star(star(Xb)). 
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2.60. Lemma. Let{K,L) be a triangulated homology manifold (not necessarily 
compact). Let X' C K be a subcomplex. Then there exists a thickening X D X' 
contained in the star of X', such that X is a subcomplex of the bary centric 
subdivision of K and such that X is a, rational homology manifold with boundary 
Y. Here X (1 L (Z Y , but Y is not necessarily contained in L. 

Proof. Let f : K R he a, piecewise linear map which is 1 on X' and on 
the complement of the star of X'. Since /~^(0, 1) does not contain a vertex, 
1/2 is a regular value, and therefore X := /~-'^([l/2, 1]) will do the job. More 
specifically, /~^([1/2,1)) is homeomorphic to the product /~^(l/2) x [1/2,1), 
since there are no vertices. If x G X — /^^(l/2), then it has a neighborhood 
which is open in X as well as in K, so it is a manifold point (and will be a 
boundary point whenever it belongs to L). All points z E f~^(l/2) have the 
neighborhood U := /-i([l/2,l)) = .f"^(l/2) x [1/2,1), and no matter how 
/^"'^(l/2) looks like, the inclusion {U — {y\) ^ [/ is a homotopy equivalence, 
so that (by excision) y is a boundary point of a rational homology manifold. It 
remains to observe that each path in X is homotopic to a path m X — /~^(l/2) 
such that X — dX does not have more connected components than X . 

Obviously, we can arrange for X to be a subcomplex of the barycentric 
subdivision of K. □ 

Now we go back to X and construct the exhaustions we can use. The covering 
group r being amenable means there is a F0lner exhaustion Vi C V2 C . . . F with 
UfceN Vfe = r by finite subsets Vfe, i.e. limfc^oo \UR{dVk)\ / \Vk\ = 0. Remember 
that we have the fundamental domain JF for the covering X ^ X. If we set 
X'^. := VkT, then Xj, is an exhaustion of X by finite subcomplexes as considered 
in [9]. It is standard that forms a balanced amenable exhaustion of X. Let 
Xk be a thickening of X'^ as provided by Lemma 2.60. Since we want to deal 
with (simplicial) subcomplexes only, we replace X (and X) by its barycentric 
subdivision. Our main observation is that X^ is contained in the star of X'^. 
Fix i? > such that star(star(J^)) C Ur{T). By the F-invariance of the metric 
Xk C Ur{X'i.). Since, on the other hand, X'f, C Xk, the sequence Xk forms a 
balanced amenable exhaustion of X, to which Theorem 2.47 applies. 
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